We make precise calculation of hyperfine structure of S-states in muonic ions of lithium, beryllium and boron in quantum electrodynamics. Corrections of orders α 5 and α 6 due to the vacuum polarization, nuclear structure and recoil in first and second orders of perturbation theory are taken into account. We obtain estimates of the total values of hyperfine splittings which can be used for a comparison with future experimental data.
I. INTRODUCTION
The hyperfine splitting (HFS) of 2S-state in muonic hydrogen was measured recently by the CREMA collaboration in [ 
The theoretical value of the HFS of 2S-level, which was calculated with high accuracy as a result of taking into account numerous corrections for the vacuum polarization, structure and recoil of the nucleus, relativism agrees well with the value (1) . At present, several experimental groups plan to measure the HFS of the ground state in muonic hydrogen with a record accuracy of 1 ppm. This will allow us to better study effects of the structure and polarizability of the proton. Since measurements have already been made of certain transition frequencies (2P − 2S) in muonic deuterium and muonic helium ion [2] [3] [4] , it will apparently allow the experimental value of the HFS of 2S-state to be obtained in the near future for these muonic atoms.
The CREMA collaboration has obtained in recent years significantly new experimental results that helped to re-examine the problem of muon bound states, posed new questions to the theory that require additional investigation. One possible future activity of the CREMA collaboration may be connected with other muonic ions containing light nuclei of lithium, beryllium and boron. For these muonic ions, the description of the electromagnetic interaction of the few-nucleon systems is particularly important, and, consequently, the role of the effects of nuclear physics can be studied with greater accuracy. We may hope that the enormous interest, which experimental results of the CREMA collaboration have met over the past years can ultimately lead to a significant improvement in the theory of calculating the energy levels of muonic atoms.
In our previous work, we calculated the Lamb shift in the muonic ions of lithium, beryllium, and boron [5] . The purpose of this paper is to investigate the HFS of the S-states in these ions, that is, in the precise calculation of various corrections and obtaining reliable estimates for the HFS intervals, which could be used for comparison with experimental data. It should be noted that estimates of a number of important contributions to the HFS of ions have already been made in [6] . The initial parameters that determine the values of the corrections in the HFS of muonic ions, are the masses of the nuclei, their spins, magnetic moments and charge radii. Since we calculate the corrections immediately for several nuclei, their parameters are presented in a separate Table I [7, 8] .
A part of the Breit Hamiltonian, responsible for hyperfine splitting, has a known form in the coordinate representation:
where the masses of the muon and nuclear will be denoted further m 1 , m 2 , m p is the proton mass, µ N is the nuclear magnetic moment in nuclear magnetons, a µ is the muon anomalous magnetic moment (AMM), s 1 and s 2 are the spins of a muon and nucleus. The potential ∆V hf s B
gives the main part of hyperfine splitting of order α 4 which is called the Fermi energy:
where n is the principal quantum number, µ = m 1 m 2 /(m 1 + m 2 ). The factor Z 3 (Z is the charge of the nucleus in units of the electron charge) in (3) leads to essential increase of numerical values E F (nS) for the muonic ions of lithium, beryllium and boron in comparison with muonic hydrogen. The muon AMM a µ is not included in (3). The Fermi energy is obtained after averaging (2) over the Coulomb wave functions. In the case of 1S-and 2S-states they have the form:
The muon AMM correction to hyperfine splitting is presented separately in Tables II-IV  (line 2) taking experimental value of muon AMM [9] :
Numerical value of relativistic correction of order α 6 to HFS can be obtained by means of known analytical expression from [10, 11] :
Next, we investigate a number of basic corrections to the hyperfine structure of S-states in order to obtain acceptable total result. Numerical values of different corrections are presented for definiteness with the accuracy 10 −2 meV.
II. NUCLEAR STRUCTURE AND RECOIL CORRECTIONS
When calculating various corrections in the hyperfine structure of the spectrum, it is important to note the essential role of corrections for the structure of the Li, Be, and B nuclei. Such corrections are determined by the electromagnetic form factors of the nuclei. Among the nuclei that we are considering, several nuclei have a spin s 2 = 3/2. The amplitude of the one-photon interaction of such nuclei with a muon can be written in the form [12] [13] [14] :
where p 1 , p 2 are four-momenta of particles in the initial state, q 1 , q 2 are four-momenta of particles in the final state, k = q 2 − p 2 = p 1 − q 1 . O αµβ is the vertex function of the spin 3/2 nucleus. Nuclei with a spin 3/2 are described by the spin-vector v α (p). Four form factors F i (k 2 ) are related to the charge G E0 , electroquadrupole G E2 , magnetic dipole G M 1 and magnetic octupole G M 3 form factors by the following expressions [12] [13] [14] :
It is useful to consider how the magnitude of the hyperfine splitting in the leading order (the Fermi energy) can be obtained from the amplitude M 1γ . When two moments are added, two states appear with the total angular momentum F = 2 and F = 1. To distinguish the contribution of the amplitude M 1γ to the interaction operator of particles with F = 2 and F = 1, we use the method of projection operators, which are constructed from the wave functions of free particles in the rest frame [15, 16] . Thus, the projection operator on a state with F = 2 is equal toΠ
where the tensor ε αβ describes a muonic atom with F = 2. As a result, the projection of M 1γ to the state with F = 2 takes the form:
where auxiliary four-vector v = (1, 0, 0, 0). For further construction of the particle interaction potential from (11), we use the averaging over the projections of the total angular momentum F which is connected with the calculation of the following sum:
To introduce the projection operators for another state of hyperfine structure with F = 1 we use the following expansion:
where the Rarita-Schwinger spinor v α (p) for the state with s 2 = 3/2 is presented as a result of adding spin 1/2 and angular momentum 1. With this method of adding moments, the total spin S can take two values S = 1 and S = 0. When calculating the matrix elements for the states Ψ 01Fz and Ψ 11Fz , we successively perform the projection on the state with spin S = 0, S = 1, and then on the state with the total angular momentum F = 1. The corresponding projection operators have the form:
where ε ω is the polarization vector of the state with F=1. After using (14)- (15), the matrix elements of M 1γ according to the states of Ψ 01Fz and Ψ 11Fz are reduced to the form:
In addition, the off-diagonal matrix element < Ψ 01Fz |iM 1γ (F = 1)|Ψ 11Fz > is also nonzero. The sum of all the matrix elements gives, in the nonrelativistic approximation, the following value of the hyperfine splitting (the Fermi energy) (see the numerical values in Tables II-IV, line 1): Expressions (16)- (17) are presented in a form that is convenient for the subsequent calculation of the contribution in the Form package [17] . We present in detail the results of calculating the amplitude M 1γ , since this calculation technique is used later in the calculation of two-photon exchange amplitudes. In the case of nuclei with spin s 2 = 1/2 and s 2 = 1 the similar technique of projection operators was used in [16, [18] [19] [20] .
Basic contribution of the nuclear structure effects of order α 5 to the hyperfine splitting is determined by two-photon exchange diagrams shown in Fig. 1 . It is expressed in terms of electric G E (k 2 ) and magnetic G M (k 2 ) nuclear form factors in the form (the Zemach correction):
We have analysed numerical values of correction (19) for different parameterizations of nuclear form factors: (20) where Fig. 2 for the nucleus 6 3 Li. In the range 0.1 ≤ k ≤ 0.4 GeV there is a difference between functions (19) which leads to different numerical values of the Zemach correction shown in Tables II-IV (line 4) .
FIG. 2: Gaussian (dashed), dipole (dotted) and uniformly charged sphere (solid) parameterizations of nuclear form factor
The momentum integration in (19) can be done analytically, so that the Zemach correction with the Gaussian and uniformly charged sphere parameterizations has the form (numerical results are presented in Tables II-IV for these two parametrizations):
Acting as in the case of the one-photon interaction, we can present the contribution of two-photon interactions to HFS at F = 2 in the form:
where k is a loop momentum, and k 0 its zero component. We also give for completeness analogous expressions for two states in (13) with F = 1, S = 0 and F = 1, S = 1:
There is also an off-diagonal matrix element between states with F = 1, S = 0 and F = 1, S = 1, which we omit here. The expressions (21) - (24) are presented in a form convenient for the subsequent calculation in the package Form [17] . As a result the value of the hyperfine splitting is determined in Euclidean space by the following formula:
When investigating this expression, it is useful to distinguish the Zemach correction, which is determined by the integral
The divergence in the first term on the right-hand side of (26) is compensated by the subtraction term
Thus, we have in (25) the main contribution (the Zemach correction) and the recoil correction m 1 /m 2 . In the case of Li nucleus with spin 1 the expression similar to (25) was obtained in [19] for muonic deuterium. We use it for corresponding numerical estimates of nuclear structure and recoil corrections in 
The form factors
for which the Gaussian parametrization is used in numerical calculations of integrals with respect to k. The values of the form factors at zero have the form:
Different parameters of light nucleus (Li, Be, B) were investigated in electron scattering experiments [21, 22] . The nucleus multiple moments are presented in Table I . Some of them are unknown with good accuracy, but, nevertheless, one can obtain approximate estimates of the corresponding contributions. After angular analytical integration in (25) we make numerical integration over k. Obtained results for nuclear structure and recoil corrections are presented in Tables II-IV Another correction for the structure of the nucleus of order α 6 , which must be discussed, is obtained as a result of the decomposition of the magnetic form factor of the nucleus see Fig. 3(a) ). The contribution to the interaction potential and HFS in this case has the form [18, 23] :
Numerical values on the basis (30) can be obtained assuming that r Tables II-IV. In second order PT we should take into account a term in which the potential
is considered as a perturbation. The Fourier transform of (31) is
Using the Green's functions (43) and (44) (see section III) we perform the analytical integration in second order PT. It gives the following result:
where we present an expansions in (RW ) up to terms of first order in square brackets (RW ( 
III. EFFECTS OF ONE-AND TWO-LOOP VACUUM POLARIZATION IN FIRST AND SECOND ORDERS OF PERTURBATION THEORY
Another our task is to analyse different vacuum polarization corrections to the total value of the hyperfine splitting. Primarily, we have to calculate a contribution of oneloop vacuum polarization contribution in first order PT. Corresponding potential can be obtained in momentum representation after a standard modification of hyperfine muonnucleus interaction due to vacuum polarization effect [24] [25] [26] [27] [28] [29] . In coordinate representation it is defined by the following integral expression:
where
We include in (35) the anomalous magnetic moment of muon, which leads to the additional contribution of order α 6 . Averaging (35) over wave functions (4) and (5), we get the contribution of order α 5 to hyperfine structure of 1S− and 2S-states (a 1 = m e /W , W = µZα): We present in detail the results of (36)- (37) to demonstrate the general structure of the obtained analytical expressions. After integrating over particle coordinates, the results have a fairly simple form, but the following integration over the spectral parameters gives, as a rule, rather cumbersome expressions, which we will omit in the following. With a simple replacement m e to muon mass m 1 in equations (36) and (37) one can obtain the muon vacuum polarization correction to HFS of order α 6 . The numerical values of the muon vacuum polarization corrections are included in Table II -IV in the corresponding line (line 6). Another contribution of order α 6 is represented by two-loop vacuum polarization diagrams (see Fig. 4(b,c,d ) (the Källen and Sabry potential [30] ). The construction of the interaction potentials from these diagrams is completely analogous to (35) . They have the form of a double and a single spectral integral in coordinate space [23, 31] :
where two-loop spectral function Tables II-IV (line 7) . To achieve the desired accuracy of calculations one-loop and two-loop contributions of order α 5 and α 6 to HFS have to be taken into account in second order perturbation theory. The second order perturbation theory (PT) corrections to the energy spectrum are determined by the reduced Coulomb Green's functionG n (r, r ′ ) The radial partg nl (r, r ′ ) of G n (r, r ′ ) was obtained in [32] in the form of the Sturm expansion in the Laguerre polynomials. The main contribution of the electron vacuum polarization to HFS in second order PT (sopt) has the form (see Fig. 5(a) ):
where the Coulomb potential, modified by the one-loop vacuum polarization effect, has the form Since hyperfine part of the Breit potential ∆V hf s B (r) is proportional to δ(r), it is necessary to use the reduced Coulomb Green's function with one zero argument. For this case it was obtained on the basis of the Hostler representation after a subtraction of the pole term in [32] . We represent for the sake of completeness the explicit expressions for the Green's functions, used in later calculations:
where C = 0.5772... is the Euler constant and x = W r. Then the necessary vacuum polarization corrections of order α 5 to HFS of muonic ions can be presented as follows:
where we use its designation by the index (sopt vp 1). The result of integration is in line 5 of Tables II-IV 
The convenient representation for reduced Coulomb Green's function with nonzero arguments was obtained in [32] :
where x 1 = W r, x 2 = W r ′ , x < = min(x 1 , x 2 ), x > = max(x 1 , x 2 ), C = 0.577216... is the Euler constant, and Ei(x) is the integral exponential function. The substitution of (35), (42), (43), (44), (48) and (49) into (47) provides two terms for each 1S and 2S level in integral form:
Separately, the contributions (27) , (28) and (35), (36) are divergent but their sum is finite.
Corresponding numerical values are:
3 Li : 0.05 meV The contributions of two other amplitudes in Fig. 5(c,d ,e) to HFS can be calculated by means of (47), where the replacement of the potential (42) on the following potentials should be made [23] :
Omitting further intermediate expressions we include in Tables II-IV total numerical values of two-loop vacuum polarization corrections in second order PT (Fig. 5(b,c,d ,e)) in line 9. There is another correction for the polarization of the vacuum, which also includes the effect of the nuclear structure discussed in Section II (see Fig. 6 ). To calculate it, it is necessary to use the potential V 2γ (k) from (25), modifying it accordingly. As a result, the contribution to the HFS spectrum is determined by the following expression (the factor 2 corresponds to two exchange photons):
(57) Numerical integration in (39) can be carried out exactly as in (25) (line 12 of Tables II-IV) . The contribution of muon VP in 2γ-amplitudes with the nuclear structure is written in line 13 of Tables II-IV. In order to increase the accuracy of the calculation we consider also hadron vacuum polarization (HVP) contribution which arises, like the electron polarization of the vacuum, in the first order PT, in the second order PT, and in two-photon exchange amplitudes. To obtain it we use a standard replacement in photon propagator of the form [33] .
where F π (s) is the pion form factor. Total hadron vacuum polarization contribution is presented in Tables II-IV (line 14) .
IV. RADIATIVE CORRECTIONS TO TWO PHOTON EXCHANGE DIAGRAMS.
The results already obtained in the Tables II-IV clearly show that the corrections to the structure of the nucleus are dominant. In this connection, it seems useful to consider another correction for the structure of the nucleus of order α 6 shown in Fig. 7 to refine the results. The amplitudes of two-photon exchange with radiative corrections to the muon line can be calculated in the framework of the calculation method formulated in Section II. For a radiative photon, the Fried-Yennie gauge is used, in which each of the amplitudes in Fig. 7 (muon self-energy, muon vertex correction, amplitude with the spanning photon) can be represented by a finite integral expression. The general structure of the amplitudes in Fig. 7 is the following:
where the vertex operator O ρωβ describing the photon-nucleus interaction is determined by the nucleus electromagnetic form factors as in (8) for the nucleus of spin 3/2.
The spin 3/2 particle propagator and the photon propagator in the Coulomb gauge are equal to
The lepton tensor L µν is equal to a sum of three terms coming from three amplitudes in Fig. 7 :
All three terms of the lepton tensor were obtained in integral form and are written explicitly in [18, [34] [35] [36] . The construction of hyperfine potential by means of amplitudes in Fig. 7 in the case of the spin 3/2 nucleus can be performed by the method of projection operators as in section II. Neglecting the recoil effects in the denominator of the nucleus propagator we obtain that a sum of direct and crossed amplitudes is proportional to δ(k 0 ):
As a result three types of contributions of order E F α(Zα) to HFS of muonic ions of lithium, beryllium and boron are expressed in integral form over the loop momentum k and the Feynman parameters:
All contributions (64)-(67) are expressed in terms of electric and dipole magnetic form factors. The term 1/2 in figure brackets (66) is related to the subtraction term of the quasipotential. All corrections (64), (65), (66), (67) are expressed through the convergent integrals. Numerical results for the corrections (64)-(67) are presented in Tables II-IV (line  17) .
V. CONCLUSION
In this work we carry out a calculation of S-states hyperfine splittings in a number of muonic ions. We consider that light muonic ions of the lithium, beryllium and boron can be used in experiments of the CREMA collaboration. Our precise calculation of the HFS includes taking into account the various corrections of the fifth and sixth orders in α, which were previously taken into account also in the study of the hyperfine structure of the spectrum of other muonic atoms [16, [18] [19] [20] . One significant difference between these calculations and the previous ones is due to the fact that in this paper we investigate the nuclei of spin 1, 3/2, 3. For spin 3/2 nuclei we have included the effects of two-photon interactions in the framework of quantum electrodynamics of spin particles 3/2. Corrections to the structure of the nucleus, which are determined by two-photon exchange amplitudes, as follows from the results of the Tables II-IV, play a very important role in achieving high accuracy of calculation. They are defined in our approach by the electromagnetic form factors of the nuclei, which in this case must be taken from experimental data. Intensive experimental studies of the scattering of leptons by light nuclei were carried out several dozen years ago. The results obtained then are reflected in [21, 22] . We use these results, although the accuracy of determining all the required form factors is not very high, as would be desirable. For this reason, we use different parameterizations (Gaussian, uniformly charged sphere) for form factors and compared the numerical results for them to understand how they can differ. Complete numerical values for hyperfine splittings of S-levels are presented in the Tables II-IV for the Gaussian parameterization. Numerous corrections for vacuum polarization are taken into account in the traditional way, which is connected with the modification of the photon propagator [29] .
We present in Tables II-IV all obtained results for a calculation of corrections in first and second orders of perturbation theory. In the text of our work we give numerous references on that results indicating the lines of Tables II-IV where these corrections are presented. The dependence of basic corrections of order α 5 on the nucleus is shown in Fig. 8 . As pointed out above the hyperfine structure of muonic ions of lithium, beryllium and boron was investigated previously in [6] . The authors of [6] gave only estimates of basic contributions in hyperfine structure. In this work we make an attempt to improve their results accounting for different corrections.
The results of calculating various corrections are presented with an accuracy of 0.01 meV. A number of corrections for the polarization of a vacuum have precisely this order. But this does not mean that the accuracy of our calculation is so high. There are already mentioned above corrections to the structure of the nucleus which give the main theoretical uncertainty in the total obtained results. This uncertainty, due to the electromagnetic form factors of the nuclei, can be about 1 percent of the correction to the structure of the nucleus of the order α 5 . Thus, we estimate approximately the errors in the calculation of the HFS spectrum in the form: δE hf s ( 6 3 Li) = ±1 meV, δE hf s ( corrections to the structure of the nucleus of order α 5 (the Zemach correction) significantly exceed all other corrections listed in the Tables II-IV (see Fig. 8 ). We can say that in this respect the hyperfine splitting differs from the Lamb shift (2P 1/2 − 2S 1/2 ) in which the correction of the leading order to the structure of the nucleus and the correction for one-loop vacuum polarization are comparable in magnitude and have different signs. Thus, a precise measurement of the HFS in muonic ions of lithium, beryllium and boron, taking into account the obtained theoretical results, will allow obtaining more accurate values of the Zemach radius for these atoms.
There is another correction for the polarizability of the nucleus, which is not considered in this paper. In the case of muonic deuterium, this correction was calculated in [37, 38] . For tritium and helium-3 nuclei, this type of correction was investigated in [39] . The correction for the polarizability of the nucleus is determined by the interaction of a multinucleon system with an external electromagnetic field, as a result of which the nucleus passes into an excited state. In [40] , general expressions were obtained for calculating the various parts of the correction for the nuclear polarizability in the HFS spectrum. Another approach to solving this problem is connected with the use of the dispersion method, in which the correction for the nuclear polarizability is determined by known general formulas and is expressed in terms of the spin-dependent structure functions of the nucleus. If such spin-dependent structure functions of the nuclei were measured exactly experimentally as electromagnetic form factors, then they could be used in calculations. Otherwise, we must consider the motion of the nucleons of the nucleus in the effective potential field and their interaction with an external field. In the case of the Lamb shift, such calculations were performed in [41] . In Refs [37, 39, 40] , the correction for the polarizability in the HFS was discussed together with effects on the structure of the nucleus, so that the total correction was represented in the form: δE hf s = δE errors that are connected with errors in measuring nuclear form factors. At the same time, it should be noted that the correction for the polarizability for a deuteron substantially exceeds this estimate. Therefore, its exact calculation becomes a very urgent problem. Our work in this direction is in progress. 
